NURBS curve is widely used in Computer Aided Design and Computer Aided Geometric Design. When a single weight approaches infinity, the limit of a NURBS curve tends to the corresponding control point. In this paper, a kind of control structure of a NURBS curve, called regular control curve, is defined. We prove that the limit of the NURBS curve is exactly its regular control curve when all of weights approach infinity, where each weight is multiplied by a certain one-parameter function tending to infinity, different for each control point. Moreover, some representative examples are presented to show this property and indicate its application for shape deformation.
Introduction
Non-Uniform Rational B-Spline (NURBS) method, as a popular curve and surface modeling technology, is widely used in Computer Aided Geometric Design (CAGD), Computer Aided Design (CAD), and Geometric Modeling. NURBS method is the generalization of Bézier method, B-spline method, and rational Bézier method. It converts the curve and surface fitting tool to a unified representation. The theory of NURBS method can be referred to books and literatures by Piegl and Tiller [1, 2, 3] and Farin et al. [4, 5] .
The shape modification of existing objects plays an important role in geometric design systems. Shape modification of NURBS curves and surfaces can be achieved by means of knot vectors, control points and weights. It can be easily seen, by changing not only the positions of control points, but also the values of weights, the shape of curve and surface can be modified. Piegl and Tiller [1, 2] explained the geometric meaning of the NURBS curve when a single weight approaches infinity: the curve tends to the corresponding control point. This property is crucial for interactive shape design. Fig. 1 shows the effects of increasing a single weight ω 3 of a quadric NURBS curve. Based on this property, Piegl and Tiller [2] presented a method to finely tune the shape of a NURBS curve when a weight is allowed to be modified. Motivated by Piegl's work, scholars investigated how the shape of a NURBS curve changes when the weights of control points are modified. Au and Yuen [6] , and Sánchez-Reyes [7] introduced approaches to adjust the shape of NURBS curves by modifying the weights and location of the control points simultaneously. Juhász [8] presented a method to adjust the shape of a NURBS curve by modifying some weights. Not only did he study modifying the location of an arbitrary point of a NURBS curve, but also considered the tangent direction. Zhang et al. [9] studied the effects of the NURBS curve by modifying two weights, he also found that single position and tangent constraints could be realized by a modification of three weights. The methods above were presented to finely tune the shape of NURBS curves when one or some weights are allowed to be modified, and they are all based on well-known geometric property of a single weight of NURBS curve. However, seldom work focuses on identifying the meaning of a NURBS curve when all weights tend to vary (even to infinity). Toric geometry is systematically presented and developed gradually in the 1970s. Sturmfels [10] introduced the theory of toric varieties, toric ideals and Gröbner bases in detail. In 2002, Krasauskas [11] presented a new kind of multi-sided surface, named toric patches, which is based upon toric variety from algebraic geometry and toric ideals from combinatorics. The toric patches include the classical rational Bézier curves and patches, and some multi-sided patches as special cases. As we know that control points and control nets control the shape of Bézier patches. But the geometric meaning of control points plus the edges, triangle, quadrangle formed by the control points is still unknown. Carl de Boor and Ron Goldman proposed a question in geometric modeling: What is the significance for modeling of such control structures (control points plus edges) [12] ? It's worth noting that control points plus edges is not necessarily control polygon. In 2011, García-Puente, Sottile and Zhu [12] explained the geometric meaning of control structures (surfaces) of toric patches when all weights tend to infinity by using the theory of toric varieties, toric ideals and toric degenerations, called the toric degenerations of Bézier patches. Furthermore, Zhu [13] presented the toric degenerations of toric varieties and toric ideals induced by regular decomposition. Zhu and Zhao [14, 15] also gave the geometric conditions on the control polygon and control points set which guarantees the injectivity (one-to-one property) of rational Bézier curve and surfaces.
Our purpose of this paper is to explain the geometric meaning of the limit of NURBS curves when all of weights tend to infinity. We define the regular control curve of the NURBS curve and prove that the limit of NURBS is exactly its regular control curve when all of weights approach infinity. This property generalizes the geometric meaning of a single weight of NURBS curve and explains the geometric meaning of weights of NURBS curve. Our result provides the possible applications for the injectivity checking of NURBS curve which plays an important role in image warping and morphing, 3D deformation and volume morphing. Furthermore, we also provide an idea for shape modification and deformation of NURBS curve by altering many weights.
The paper is organized as follows. In Section 2, we recall the definition of rational Bézier curve, toric degenerations of rational Bézier curves, the definition of NURBS curve and knot insertion algorithm. In Section 3, we define the "regular control curve", a control structure of a NURBS curve by the regular decomposition, and prove that which is the limit of the NURBS curve. Since this property is proved based on toric degeneration of Bézier curve, we say it is the toric degeneration of NURBS curve. Moreover, we observe that if a curve is the limit of a NURBS curve for the sequence of weights, then this curve must be a regular control curve induced by some regular decomposition. Some representative examples are illustrated to show the degeneration property of NURBS curves and point out its application for shape deformation in Section 4. Finally, Section 5 concludes the whole paper.
Preliminaries

Rational Bézier curves
Definition 1 ([4, 5]). For given control points
) and weights ω i , i = 0, 1, · · · , m, a rational Bézier curve of degree m is defined by In 2002, a new method to construct the multi-sided surface patches, toric patches, was presented by Krasauskas [11] . Following the Krasauskas' toric patches, the toric Bézier curve can be defined. Given a set of finite lattice points A = {a 0 , a 1 , · · · , a m } ⊂ Z, let conv(A) be the convex hull of lattice points of the set A, and the interval ∆ A = conv(A) can be defined by {x ∈ R | 0 ≤ l 0 (x), 0 ≤ l 1 (x)} where l 0 (x) = x − a 0 , l 1 (x) = a m − x and we assume that a i < a i+1 , i = 0, 1, · · · , m − 1. The following definition we refer to [12, 14] .
Definition 2 ([12]). Given a set of finite lattice points
, and weights ω = {ω a i > 0 | a i ∈ A}, the parametric curve,
is called a toric Bézier curve, where the functions 
We assume x = nv and Since parameter transformation of curve does not affect the shape of curve, the definition of toric Bézier curve is equivalent to the definition of rational Bézier curve. Moreover, because of the concept of the set of finite lattice points A is introduced in toric Bézier curve, the weights and control points of curve can been indexed by the lattice points of A. For convenience of analysis, we will use Definition 2 to represent a rational Bézier curve.
Toric degenerations of rational Bézier curves
In [12] , for explaining the geometric meaning of control surfaces of toric patches, García-Puente, Sottile and Zhu defined the regular decomposition of a set of finite lattice points. And following this work, Zhu and Zhao [14] proposed the definition of regular decomposition of A for dealing with the self-intersections of rational Bézier curves. In this section, we first recall some notations from [12] and [14] .
Let A ⊂ Z be a set of finite lattice points and suppose that λ : A → R is a function. We use a lifting function λ to lift all the lattice points of A into R 2 . Let P λ be the convex hull of the lifted points of the lattice points,
Each face of P λ has an outward pointing normal vector, and its upper edges are those whose normal vector has positive last coordinate. The union of the upper edges is the upper hull of P λ . If we project each of these upper edges back to R, then we get a set of closed intervals of ∆ A and the union of them covers ∆ A . These closed intervals induce a regular domain decomposition T λ of ∆ A . All the lattice points of A which belong to the same closed interval and whose lifted points lie on a common "upper edge", we get subset s j of A. Then the union of these subsets of A is called a regular decomposition S λ of A induced by λ.
Suppose that a lifting function λ induces a regular decomposition S λ of A. If s j ∈ S λ is a subset, then the weights ω| s j = {ω a i | a i ∈ s j } and the control points B| s j = {b a i | a i ∈ s j } indexed by elements of s j can construct a rational Bézier curve by Definition 2, denoted by
The regular control curve of the rational Bézier curve F A,ω,B induced by the regular decomposition S λ is the union of those curves [12] ,
Definition 3 ([12]). Given a set of finite integers
, and weights ω = {ω a i > 0 | a i ∈ A}, the curve,
is called a rational Bézier curve parameterized by t, where
By Theorem 1, we know that if the control points B are fixed but the parameter t → ∞, the regular control curve induced by the lifting function λ is exactly the limit of rational Bézier curve F A,ω λ (t),B . García-Puente et al. [12] proved this property and which is called toric degeneration of a rational Bézier curve. Furthermore, they also proved the following result, which is converse to Theorem 1.
3 is a set for which there is a sequence ω (1) , ω (2) , · · · of weights so that Fig. 2(a) . Suppose a lifting function λ 1 take the values {2, 3, 4, 3, 2} at the lattice points of A (see Fig. 3(a) ), which induces a regular domain decomposition of ∆ A , [2, 4] }, and a regular decomposition of A, S λ 1 = {{0, 1, 2}, {2, 3, 4}}. Another lifting function λ 2 take the values {2, 3, 4, 2, 3} at the lattice points of A (see Fig. 3(b) ), which induces the same regular domain decomposition with λ 1 and a different regular decomposition with λ 1 , that is S λ 2 = {{0, 1, 2}, {2, 4}}, since the lifted point (3, λ 2 (3)) does not lie on any upper edge of the P λ 2 (see Fig. 3(b) ).
For the subset s 1 = {0, 1, 2} ∈ S λ 2 , a rational quadratic Bézier curve can be constructed by the corresponding control points B| s 2 = {b 2 , b 4 } and weights ω| s 2 = {2, 1}, and parametric domain of the curve is [2, 4] . Then the union of those two curves
is the regular control curve of F A,ω,B (as Fig. 2(b) shown). By Theorem 1, the limit of a rational Bézier curve F A,ω λ (t),B is the regular control curve shown in Fig. 2 (b) while the parameter t → ∞, where 
NURBS curves and knot insertion
Definition 4 ([1, 4, 5]). A pth degree NURBS curve with the control points
where {N i,p (u)} are the B-spline basis functions of degree p defined on knot vector
2)
The union of segments P 0 P 1 , · · · , P n+p−2 P n+p−1 is called the control polygon of the curve.
Obviously, the NURBS curve R(u) defined on the knot vector Eq. (2.2) satisfies the endpoint interpolation property. The geometric meaning of a single weight of NURBS curve can be explained as: within the influence range (u α , u β ) of the control point P i ,
where u α , u β ∈ U and β − α = p + 1. Fig. 1 shows the NURBS curve moves toward or away from the control points when one weight increases or decreases.
In order to study toric degeneration of NURBS curve, we recall the conversion from NURBS curves to Bézier form by knot insertion [1, 4, 5, 16] . Without loses of generality, in the rest of paper we assume each of the interior knot u i of U for NURBS curve R(u) of degree p defined as Eq. (2.1) is with multiplicity 1 and u i < u i+1 , (i = 1, 2, · · · , n − 2). For NURBS curve R(u), we can insert each existing knot p − 1 times to make all of interior knots u i (i = 1, 2, · · · , n − 1) with multiplicity p. Note that the result of knot insertion is independent of the ordering of inserting knots. If a interior knot is inserted, weights and control points of NURBS curve will be recomputed. When (n − 1)(p − 1) interior knots are inserted, the weights
and control points of NURBS curve R(u) are generated, which defined on the new knot vector
and control points {P
Then the NURBS curve R(u) is transformed into the union of those n pieces of rational Bézier curves.
The representations of the weights in Eq. (2.5) and control points in Eq. (2.6) are discussed in Theorem 3, which relate to the original weights and control points. Theorem 3 can be proved step by step via knot insertion [1, 4, 5, 16] , which will be omitted here. 
} with multiplicity p, the generated weights
3) denoted byω and the generated control points P (n−1)(p−1) in Eq. (2.4) denoted bȳ B which satisfy a certain relationship with the original weights ω and the control points B, as 
Toric degenerations of NURBS curves
This paper focuses on what happens when all of weights of a NURBS curve assume extreme values. Since the curve is pulled towards the corresponding control point when a single weight increases, furthermore, does the NURBS curve approximate all of control points simultaneously when all of weights approach infinity. In this section, by defining a kind of control structure of a NURBS curve, we present the toric degeneration of NURBS curve by using the toric degeneration of rational Bézier curve and indicate that the NURBS curve approximates to this control structure when all of weights approach infinity.
For the convenience, we will use the following representation to represent a NURBS curve R(u) in the rest of paper, which is similar with Definition 2 and equivalent to Definition 4. Given a set of finite lattice points
, and weights ω = {ω
is called a NURBS curve of degree p, where the B-spline basis functions N i,p (u) are defined on the knot vector
We setĀ = {0, 1, · · · , np − 1, np} and ∆Ā = [0, np]. The weightsω = {ω 
We study the change of a NURBS curve when the weights of all control points approach infinite. Since the speed of weight of each control point tends to infinite may be different, we goes faster to infinity. In this paper, we assume a lifting function λ : i → (i, λ(i)) to lift all the lattice points i of A into R 2 (as Fig. 5 shown) . If we set ω λ (t) := {t
is called NURBS curve R A,ω,B (u) of degree p defined in Eq. (3.1) parameterized by t. 
We study the n pieces of rational Bézier curves F A m ,ω m λ m (t),B m λ m (t) , m = 1, 2, · · · , n. For the first piece rational Bézier curve
and weights are 
where a = m, b = p + m − 2. For the last piece rational Bézier curve F A n ,ω n λ n (t),B n λ n (t) , the control points and weights are 
Consider the mth piece rational Bézier curve Note that the regular control curve R A,w,B (S λ ) is a C 0 spline curve and we will show that it is the limit of the NURBS curve R A,ω λ (t),B when t → ∞.
be a quadratic NURBS curve defined on knot vector U 0 = {0, 0, 0, Fig. 6(a) ). The curve R A,ω,B consists of two pieces of rational Bézier curves after knot insertion (see Fig. 6(b) ).
(1) Suppose that the lifting function λ 1 has the assignments {1, 3, 2, 1} at the lattice points of A, then we get the regular decompositionS λ 1 = {{{0, 1}, {1, 2}}, {{2, 3, 4}}} of A = {0, 1, 2, 3, 4}. The regular control curve R A,ω,B (S λ ) is the union of two parts. The first one is the union of linear Bézier curves formed by control points {P Fig. 6(c) ).
(2) Suppose that the lifting function λ 2 has the assignments {1, 3, 2, 0} at the lattice points of A, we get the regular decompositionS λ 2 = {{{0, 1}, {1, 2}}, {{2, 3}, {3, 4}}}. The regular control curve R A,ω,B (S λ ) is the union of two parts. The first one is the union of linear Bézier curves formed by control points {P , which is exactly the control polygon of the NURBS curve R A,ω,B (see Fig. 6(d) ).
We will explain how to get the regular control curve of a NURBS curve in Section 4 in detail. The following result shows that the regular control curve of the NURBS curve R A,ω,B is just the limit of R A,ω λ (t),B when t goes to infinity. 
where · is the Hausdorff distance between two subsets of R 3 [12] . 
This means lim
Note that the NURBS curve R A,ω λ (t),B can be convert into n pieces of rational Bézier curves after knot insertion,
then the limit of NURBS curve R A,ω λ (t),B can be written as the limit of the union of those rational Bézier curves
By Definition 5, we get lim
and this ends the proof. This property of NURBS curve is called the toric degeneration of NURBS curve following the toric degenerations of Bézier curves and surfaces. The following result is converse to Theorem 4.
3 is a set for which there is a sequence ω (1) , ω (2) , · · · of weights so that
then there are a regular decompositionS λ ofĀ induced by a lifting function λ and weights ω = {ω
From the assumption,
where F m is a set of Note that the NURBS curve R A,ω (τ ) ,B is coincident with
We set the lifting function λ of A taking the same value at the lattice points of A m , the weights ω = {ω 
is a regular control curve and this completes the proof.
Examples Example 3. Let
be a quadratic NURBS curve defined on knot vector U 0 = {0, 0, 0, Fig. 7(a) ). Fig. 7(b) shows the NURBS curve after inserting the knots . Suppose that the lifting function λ has the assignments {1, 2, 3, 2, 1} at the lattice points of A = {0, 1, 2, 3, 4}. We can define the NURBS curve R A,ω λ (t),B with parameter t by a family of weights ω λ (t) = {3t, 2t 2 , 3t 3 , 2t 2 , 5t}. After inserting the knots , the NURBS curve R A,ω λ (t),B is converted to the union of three pieces of rational Bézier curves,
. The weights and control points of NURBS curve RĀ ,ω λ (t),B λ (t) can be obtained by Theorem 3, . The lifting function λ induces the assignments onĀ by {{1, 2, 3}, {3, 3, 3}, {3, 2, 1}} and derives a regular decompositionS λ = {{{0, 1, 2}}, {{2, 3, 4}}, {{4, 5, 6}}} ofĀ. Consider the regular control curve of the first rational Bézier curve F A 1 ,ω 1 λ 1 (t),B 1 λ 1 (t) with the control points {P Consider the regular control curve of the second rational Bézier curve F A 2 ,ω 2 λ 2 (t),B 2 λ 2 (t) with the control points {P } and weights {1, 2, 5}, respectively (see Fig. 7(c) ). Fig. 8 shows the degeneration process of the curve with t = 2, 3, 5, 10, respectively. } and weights ω = {3, 2, 3, 2, 5} (see Fig. 9(a) ). Suppose that the lifting function λ has the assignments {1, 4, 4, 1, 1} at the lattice points of A = {0, 1, 2, 3, 4}. After , R A,ω λ (t),B is converted to the union of three pieces of rational quadratic Bézier curves, RĀ ,ω λ (t),B λ (t) = } is obtained. We set P * = Fig. 10(a) ). Suppose that the lifting function λ has the assignments {1, 4, 2, 1, 1} at the lattice points of A = {0, 1, 2, 3, 4}. R A,ω λ (t),B is converted to the union of two pieces of rational cubic Bézier curves, RĀ ,ω λ (t),B λ (t) = Fig. 10(b) ). Fig. 11 shows the degeneration process of the curve with t = 2, 10, 20, 30, respectively. Fig. 12(a) . Suppose that the lifting function λ = {2, 1, 1, 3, 1, 2, 3, 2, 1}, the regular control curve of the quintic NURBS curve after the degeneration is shown in Fig. 12(b) , which is the union of a rational quadratic Bézier curve and two line segments. Fig. 13 shows the degeneration process of the curve with t = 2, 5, 10, 20, respectively.
In the next three examples, we indicate the application of our results for shape deformation. Through the toric degeneration of NURBS curve, if a lifting function is given, then the limit of NURBS curve R A,ω λ (t),B is determined. It means that if we choose the lifting functions properly, then the original curve (composed of NURBS curves) can be deformed to the target curve (composed of regular control curves of the NURBS curves). Furthermore, our results also point out the potential application for computer animation. Example 7. Figure 14 shows the shape deformation of a wooden club to a tie by using toric degenerations of NURBS curves. The wooden club (see Figure 14(a) ) is composed of two pieces of NURBS curves on knot vectors {0, 0, 0, 0,
